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Japic makcarbl: Koy ece0iHIH KOMBLTYBIMEH, IICHIIMHIH O0ap 00J1y apTTapbIMEH TaHBICTHIPY.
TybiHIBICH OOMBIHIIA HICHIUITeH O1piHII peTTl JuddepeHIranabK TeH eyl yiniH Komu eced1 xxoHe
HIeniMHIH 0ap 00JTybl MEH OHBIH KAJIFbI3ABIFBI TYPAJIbl TEOPEMAHbI JIQJICIICY



CoHbIMeH, OlpiHIII PETTI TEHAEYA1H KaJIbINThI TYPIH alaibIK:

d ,
d—iz.f(xy); (1)

MYHOaFbl, f(X.)) (YHKOUSACHI JKa3bIKTBIKTAaFrbl Keioip [ c R’ TYIIBIK OOJIBICBIH/IA AHBIKTAJICHIH. OCHI
TeHJIeY VIIIH 0aCcTaIKbI
V(X9 )=Yo (2)
HIAPThIH KAHAaFraTTAHIBIPAThIH LiewmMal Taly ecedl KoiibuicelH. byn skepae (x,,),) Hykreclt con D
OOJIBICBIHBIH 1IIIHAE JKAaTaabl IeM eCenTeaiHeal, an [) OOJIBICHIH, 9IeTTe, TOPTOYPHIII TYPIHAE alabl;
D:{(x,y):|x—x0|ga,|y—y0|£b} (3)
MYHJAFbI, ¢ KoHe b - Oenriil OH caHaap.
Teopema-1. Erep f(x.y) pyHkuuscel [) 0OJBICBIHIA TOMEHET1IeH €Kl MapTThl KAHAFaTTaHIbIPCa:

1) ekl aprymMeHTI OOMBIHIIIA Y3IIKCI3, COHABIKTAH OJI IIEKTE/IreH:
Sup|f(x,y)|:M, M >0
D

2) y apryMeHTI OolibrHIIa JIumimmil mapThlH KaHAFaTTAHABIPAIbI, SFHU Ke3 KeJITeH €Kl HYKTe YIIIH

|f(x:ylf) —f(X,yz)| S L|y] —J’2| (4)
TEHCI3IT1 opbiHganaael, L >0, onHma Oacrankbl (2) WApPTTBl KaHAFaTTaHILIPATHIH,

|x—x0| <h, h=min( a,ﬂ ), apanbpIFblHAA aHBIKTAIFAaH Y3IIKCI3 auddepeHnnangaHaTelH KaJdfbl3 FaHa

v =¢( x) wemim 6ap 60aabl.



Hanenageyi.

1’ Anmpiven Ko eceGiniH HHTerpanmblk TeHIEYre napa-nap eKeHIiriH KopceTeiiik.
Afnitansik, Y =@(x) GyHKUMACH (2) WAPTThl KAHAFATTAHIBIPATHIH,

|x — xol < h xeciHAiCIHIEe aHBIKTAFaH (1) TeHaeyAiH menriMi OOJICHIH:

dp(x) _ flxo(x)], ()=,
dx

CoHFBI TeTe-TEHOIKTI X(-I€H X-Ka IeillH HHTEeTrpaigacaKk, MbIHaHAAll Tere-TeHIIK aTaMbl3:

o(x)=p(x))+ | (.00t )d7

bynan y=¢(x) QyHKUHACHIHBIH

y=yp+ [f(r.y)dr (5)

Xg
UHTETPaIbIK TEHACY/IIH MIeIMl O0JaThIHBIH KOPEMI3.

Ennl kepicinme, y =¢@(x) QyHKUMICH (5) TeHASYA1H MeniMl OOJICHIH:

P(x)=y,+ ]f[r,(/)(r)]dz', Vx e [xo —h, x, +h]

Xg
bynan ¢(x, )=y, 0oaatbiHbIH kepeMi3. Erep ocel Tene-tenaikri nuddepenunaniacax,

900) _ flx.o(x)]
dx

Tere-TeHITIH aJIaMBbI3.



bynan meFaTeiH KOPBITHIHIABI — Kot ece0iHIH meniMia Tady YIIiH
WHTETPAIBIK TeHACY IIH MICTIIMIHIH OapIBFBIH JKOHE JKATFBI3IBIFBIH 9JIeIASCEK KETKUTIKTI.

20 WHTerpanaplk TeHASYAIH IIemIMIH OIPTIHAEN KYBIKTAy daiciMeH i3meitmi3. by oamicti [lTukap
9MICI Ien Te aTali/ibl.

bacTankel HOJAIK JKYBIKTay PETIHIE 13ASMIHIN OTBIPFaH (DYHKIUSHBIH ajJFaIlKbl )y MOHIH ajlaMbI3 114,
OIpIHILI KYBIKTAY YLIIH

X
Vi(x)=y,+ If(T,J’o)dT (6)
Xg
OPHETIH Ka3aMbl3, a1 €KIHIL1 KYbIKTay YLI1H

X
Vo(x)=yy+ If(T,yJ)dT (7)
Xg
OpHETIH ka3ambI3. JKambl, Ke3 KeJIreH 71 -1 JKYBIKTayIbl MbIHA TYPAE JKa3aMbI3:

X
yn(x):y0+ j‘f‘(f,yn_‘;)df (8)
)
MyHnna x € [xo —h, x, + h]. Ocsbl kecigaial Ileano keciHaicl Aer aTaiabl.
Enpl anbiaran {y,} T130eridiH opOip Mymuect OepuireH 00IbICTBIH IHITHAE J)KATAThIHBIH KOPCETYIMI3 KEPEK.
AitabiManbl X -Thl [leaHO KeCIHAICIHAE ©3repenl Nem, KYbIKTayJapblH 0acTankbl MOHHEH aybITKYJIapbIH
eCEemnTeniK.



AnnpIMeH,

i(x) =yl = ]lf'(r,yg)dr <M ]dr = Mx—xy|<Mh<b
X0 Xp
Exi1HII1 JKyBIKTAY YIIIH:

X
o(x )=yl =|[ f(r,yi(T))dr|< M|x —x)|< Mh <D
X0
JKanmbl, Ke3 KeJIreH 72 -1i1 JKYbIKTay YIIIH TOMEHIer11eil TEHCI3/IK ajlaMbl3;

X
W (x)=vo|=| [ £ (7,0, (T))dT|< Mlx — x| < MR <b - (9)
Xg
By TeHCI3mIKTEp T130€KTIH OapibIK mymienepi /) OOMBICBIHBIH KeiOlp KimrpeireH OOJBICHIHBIH I1MIIHIE
’KaTaTbIHbIH KOPCETE/I].

3’ Enuni KYBIKTayj1ap T130€T1HIH *KMHAKTBLIBIFBIH KOpceTeliK. T130€KTIH KUHAKTBUIBIFBIH JdJ1eJeY
YIIIH COJI Ti30€KTeH KypbLIFaH () YHKUMAIBIK KaTapabl KapacThIPAMBbI3:

Yo+ (Vi=Yo) H(Va=yi)+t(Vy=Vui)+... (10)
Ochel Katap OIpPKaIbINTHl >KMHAKTBI 0OOJIca, OHIA { n,} T130eri 1Oe OIpKaJbINThl KUHAKThl OO0Jambl,
elTKeHl1, S, =y, .

KarapnapiH opOip MyIIeciH, ekiHmmiciHeH Oactarm, IleaHo keciHmiciHae aOCOMIOT maMachl OOIBIHIIA
OaranaibIK:



[ (.3, )dz

X0

|y;—y0|: £M|x—x0|£Mh,

[[fr.yi(0) - f(r.v9 )l

Xg

|y_; —y;|: <| |f(r,y](r))_‘f‘(f,y0)|d7
X0

CoHFBI TeHC13IKKe JIMTIITHII MIapThIH MaiigagaHcak, OHaa

2
v =yl 1| [y 2)= yolte| < ML fle =gt = L =22 o ML%
\0 \0 |
OcspLnaiinia,
|y3 _y2|: v / -(T))_f(f’yl(f))]df <L H)’_?(T)—yf(f)ldf <
v .
|T_ | ) - |3 7’
< ML- J. —dz‘ ML ML_?
2! 3/ 3/

Xg
TEHCI3AIr1 ajbiHaAbl. Ke3 kenareH 7 -ml Mylle YUIH Je WHAYKUIUA OMICIH MaiiiajiaHblll, TOMEeHIeriaei
TEHCI3/IK aJlaMbI3:

Vn _yn—1|:

:" []((T’ Yn—I (T)) - f(l', Vn=2 (T))]df <
Xg



M < ML"’_J h_”

<L “yn—] (7)- yn—_?(z-)|df <ML n! n!

Xg
ConbiMeH, QyHKuusIbIK (10) KaTapaslH aOCOMIOT LIAMAachlHAH KypbUIFaH Katap lleaHo keciHOiCiHIE
TOMEHIET1/Iel CaHIbIK KaTapMeH OaFalaHbIN OThIP:

2 3 n

|y |+Mh+MLh—+ML-’h—+...+ML”—1h—+... (11)
! 2! 3/ h!

it

byn karapasl (10) GyHKUMAIBIK KaTapablH Ma)KOPAHTHI IETI aTaiIbl.
Engl ocbl MaKOPAHTTBIK KATApPAbIH KUHAKTBLIBIFBIH KepceTeHik. JlamamOep Oenricine
CYHEHCeK,

_a MR _Lh
lim L = [im - = [lim
n—w d, n—o MJ"™ h”(n _|_])_,f n—own+/
arHH, (11) katap skuHakTbl. CoHABIKTaH, BellepmTpacc Teopemacsel OoiibiHIA GyHKUUAIBIK (10)
Katap IleaHo keciHAiCiHIH ImIiHAEe OIPKAJABINTHI Aa0COJKTTBI KUHAKTBI. Erep KarapabiH
KOCBIHIBICHIH ((X) Jem Gearizecek, onaa Tis6exTin mreri ocbl ¢(x) Goaagmr:
lim y,(x)=¢(x)

n—>0

=0<1,

(10) kaTapabiH IpOIp MywIeci |x — x0| < h KeCIHAIHIH IIIiHAE Y3AIKCI3 PyHKIHS OONFAHABIKTAH KIHE

0J1 KaTtap OIpKAJBINThI KUHAKTbI 00JFaHABIKTAH, Komm TeopeMachl 0OMBIHIIA OChbI KeCiHIIHIH
imiHae gp(x) (pyHKuMACHI Aa y3aiKci3 00/1aabl.



4" Tis6exTiH OIPKAIBINTBI KHHAKTHUIBIFBIHAH | v, (X)—@(x )|<5, Vn>N(g) wapTel LWIbIFAIbL.

JIunmmi mapThiH ManaanaHbI,

I fle v, (o)ldr - :“f:T,(O(T)}fT < ]|l/'[r,y,7(r)]—f[f,go(f)]|d7 <

<L hyn(r)—q)(r)kiz' < Le|x —xy| < Leh
X0

TEHCI3IITIH ajJaMbI3. byl TeHCI3A1K MHTerpalliaH MIeK ajly YIIH COJ MHTeTPasl aCThIHAAFbl OPHEKTEH LIEK
aiyra OOJIaTBIHBIH KOPCETE i, SFHU

lim [ f(r.y,(2)dz= [ f(elimy, ()= [ f(e.o(c)H7
X0 X0 X0

OcbIHBI MaiinanassIl, (8) KaTbIHACTAH IIEK alalblK:

lim y,(x)= lim| y,+ ].f’( T,V (T)AT | =Yy + 'Jf( T,p(7))dt

n—» n—>0
XO XO

HEeMeECE

X
p(x)=yy+ [ f(7, 0(1))dr (12)
X
byn tene-renaikTeH @(x) QyHKIMACHIHBIH [leaHO KeCIHIICIHIE WHTETPAJAbIK TEHACYIIH IIeIIiMi
oonmaTeIHBIH KepeMi3. CormpikTaH, 01 Ko eceO1HIH menrMid Oepel.



5. Komm eceGiHiH IIemiMiHIH KaTFBI3ABIFBIH JONeNAey YVIIH aaibIMeH I pOHYOIT JeMMAChIH

KENTIpeHiK.

Jlemma. Keiioip <a,b) apanbIFbIHAA Y3OIKCI3 1(1) >0, f(1)>0 (ynkuusanapsl xoHe (' >( TYPaKThI

CaHbI YIIIH

f
u(t)<C+|[ f(t)u(t)dr|, Vi, 1,e<a,b>
ro
TEHCI3/1T1 OPbIHAJICA, OHJIa OJJaH MbIHAH/1ail TEHCI3/IIK aTyFa 00JaIbl:

.
[f(T Mt
0

u(t)<Ce
HManenneyi. (13) TeHCI3AIKTI OH KaFbIHAAFbI KOCBIHABIFA 06JIeHIK (t > tg) :

u(t)
C+ jf(r)u(r)dr
lo

</

Exi skaFpiHaa oH f (/) (pyHKUHACBHIHA KOOEHTIN, /) -A€H [ -Fa AeHIH HHTErpaa ajJanbIK:

I‘ }f'(r)u(r)dr ij(f)dr

DC+ [ f(ru(t,)dr, "0

)

(13)

(14)



MyHna OeseKTIH aJbIMbl O6JIMIHIH TYBIHIBICHI €KEeHIH @CKEePCEK, OHIa
ot "
In|C+ [ f(t)u(t)dr,| <[f(t)dr
10 o )
Ocbinan

I 1§
m|C+ [ f(r, u(t)dr|—inC< [ f(r)dr
o Iy
Iorenunanaamn, onan coH Oepiiared (13) TeHci3OIKTI MaWaanaHcak, (14) TeHcisaikke Keaemis (7 </,

0oJIFaHa JIeMMAaHbI JdJ1eJ1Aey YIIiH HHTerPaJibIH 0aFbIThIH 03repPTCe, KeTKIIIKTI).
Enn1 ochl (14) TeHCI3AIKTI naiiaaaaHbII, MISMIMHIH KaJIFbI3IbIFbIH KOPCETEHIK.
AWTAIBIK, (@(X) koHE Y(X) QYHKIMSIAPBI SPTYPIIl €K1 HIEIIM OOJICHIH:

o(x)=y,+ [ f(r.0(T )z .

X
w(x)=yo+ [f(Ty(t)dr
Xg
Ochl WemiMaepaid aibIpMAachiH 0aFaAIaNbIK:

lo(x)—w(x)|=|[[f(r.o0t) - f(tw(c )dd <L [lo(t)-y(z MT
Xp X0



Mysnna u(x)=|p(x)—w(x)|, f(ix)=L, C=0 exenin eckepcex, (14) Tencisnikren |p(x)—w(x)|=0 Tenniri

IIBIFATBIHBIH KOPEMI3, SFHU ((x) =y/(x), Vx € [xo —h, x+ h].

ConbpimeH, [leano kecinmicinge Komm eceOiHIH TeK JKanFbl3 FaHa MIemMmi Oap €KeHl TOJIBIK
TANENAeH ],

Eckepry-1. leurim [xo —h, x+h] KECIHIICIHAE aHbIKTaJbIN OThIP. MyHna /= min{a,%} , SIFHU h

caebl M caHBIHA Kepl Toyerdl: M calbl ynkeH Ooinca, /a3 cad Ooxanel. COHOBIKTAH, MIEINM X,

HYKTECIHIH KbICKA TYIBIK ayMaFblHIa aHBIKTAJIBIT OTBIP. OChl ceOenTi Oy TYKBIPBIMIBI JIOKAJAbI
Teopema Jemn artailapl. AJl IIBIHABIFBIHAA, MIEMIMIl OeplareH OOJBICTHIH IIeKapachlHA AEHIH CO3yFa
OoJaIpl.

Eckepty-2. Onerre, Jlunumi mapTeIHBIH OPHBIHA OJ1aH 0ACBIMBIPAK JKOHE OHAl TEKCEpLIeTIH IIapT
anbrHaabl. [lomipek, f(x,y) (QyHKUMSICHI OeplareH TYIBIK OOJbICTa y aprymMeHT! OOWbIHIIA Y3MIKCI3
nudepeHmanIaHagbl — Je.

by mapt opeiHaanrasaa JInmmmi mapTel ©31HEH 631 OPbIHIAIA b,

IerHpIHAA Oa, erep ) o0IbIChIHAA

sup| f(x,y)|<L
D

TEHCI3/IT1 OPBIH ajIca, OH/a ecCIMIIle Typasbl JlarpaHx TeopeMachlH MaiigaiaHaMbI3:



fOx,y;)=f(x,;) :%(X»J’J +O(y; =Y ))(y;—,),(0<60<1)Ocbinan,

v
| f(x,y; )= f(x,y,)IEL|y;—y,]
afHM, JIMmmun mwapTeiH anablK. An JIMmmmi mapThiHaH (YHKUUSHBIH TudQepeHnnanianybl bFa

oepmeiinl. Oran Oip mbican, f(x,y ):|y| dynkumsicel. byn ¢yHkuus Jlunmmui mapTeiH Ke3 KeNreH
apabIKTa KAaHAFATTAHbIPAIbI:

|f(x,y1)—f(x,y_p)| :|| yil=1y; || y;=y2l, L=1
Anatiga, Oy GyHKUOUAHBIH (X,0 ) HYKTeCiHIe V OoilbIHIIA AepOec TyBIHABICH aHBIKTAIMaFaH.

Kanmer, JIummwi maptel GYHKIUSHBIH O1p apryMeHT1 OONBIHIIA O1PKAIBIITHI 6CYIH KOPCeTe/Il.
EckepTy-3. TikTepTOYPHIIITHIH OPHBIHA Ke3 KeNreH IIeKTeNreH TYUBIK OOIbIC amyra Oomanbl. byn

Karaaiina (x,,), ) HYKTecl OOJBICTBIH 101Kl HYKTECI OOTYbI KepeK.

Eckepry-4. Teopemans! (x,,), ) HYKTECIH INIIHIE YCTAITHIH alIbIK OONBICTA A TAIEIeyre OoIaibl.
On yuiH f(x,y) QYHKUUACBIHBIH OCBI OOJIBICTA Y3IIKC13 OOTyBIMEH Karap, COJ OOJBICTBIH K€3 KeJreH
IIIIKI MIEeKTENTeH TYUBIK Oemirinae JINnmmiy mapTelH KaHAFaTTaHIBIPYhI THIC.

Eckepty-5. Teopemanarsl f(x,y) (PYHKUMICHI T€K Y3IIKCi3 FaHa Oojica, SFHU JIMMIIMIL 1IapTHI

OpbIHIAlIMaca, OHJAa TeHJeyIlH OacTamKbl INAPTThl KaHAFaTTAHAbIPATBIH IIElIIMI OOJiaabl, OIpaK oI
KaaFbI3 00aMaybsl MYMKIH. byt Ty keipbiMabl [TeaHo Teopemach! ailKbIH AN IbI.
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