6-A9PIC. llemiMHin 6ap 00.1yBI KIHE JKAJIFBI3AbIFbI.

Jleknuss makcatbl: Komm eceOiHiH KOHBUIyBI, HICHIIMHIH Oap OONMYBIHBIH IIapTTapbIMEH
TaHBICTHIPY.

Heri3sri ce3nep: bacrtanksl ecen, JIummmi maptel, [Tukap oxici, 'poryost semmacsl.
Kbickama Ma3MyHbI

I emivMHin 6ap 00.1ybI sKIHE JKATFBI3ABIFbI

6.1. bya naparpagra TybIHABbICHI OoOibIHIIA mIemiyireH OipiHmi  perri
auddepenuuanabik Tenaeyain Komu ecedin KaHaraTTaHAbIPATHIH IIEMIIMHIH 0ap 00J1ybI
7K9HE OHBIH KAJFBI3AbIFbI KAPACTBIPbLIA/bI.

ConbIMeH, OipiHIII PETTi TEHACYAIH KAJIBIITHI TYPIH alailbIK:

o txy), (1)

MyHZaFbl, f(X.y) QYHKIHACH Ka3bIKTBIKTAFbl Keiioip D — R? TyHBIK 00JIBICHIHIA AHBIKTAICKHIH.

OcslI TeHIey YIIiH 6acTanKbl
Wx) =0 (2)

IIAPThIH KaHAFATTaHABIPATBIH LieniMal Taly eceOi KoMbUIChIH. by xepre (%y,Y,) HYKTecl col
D 0OONBICHIHBIH 1IIIHJIE YKaTaJbl ICT ecernTeline/l, an D oOJbICHIH, 9AETTE, TOPTOYPHIII TYPIH/C
anajpl:

Dz{(x,y):|x—x0|Sa,|y—yO|Sb} 3
MYHJIaFbI, a>koHe b - Oenrini oH cangap.

Teopema-1. Erep f(x.y) dynkuusce D oOnBICEIHAA TOMEHJCTIIEH €Ki MMapTThI
KaHaraTTaHJbIpCa:
1) eki aprymMeHTi OOMBIHIIA Y3/IIKCi3, COHBIKTAH OJ1 IEKTEJITeH:

sup|f(x,y)=M, M >0
D

2) y apryMeHTi OoiibIHIIa JIMIIIKI IAPTHIH KAaHAFATTAHABIPAJIbI, IFHU K3 KEeJITeH €Ki HYKTe

YIIiH
|f(va1)_f(Xay2)|S|—|Y1_Y2| (4)

TEHCI3]IIT1 oppiHIananel, L>0, onma Oacrankel (2) mapTThl KaHaraTTaHABIPATHIH,
|x - x0| <h, h=min( a,% ), apalbIFbIH/Ia aHBIKTAJIFaH Y3iKci3 nuddepeHangaHaTblH JKaIFbI3
raHa y=¢(x) memrim 6ap 0omasl.

Jaaeaneyi.
1°. Angeiven Komu ece6iHiH MHTErpaibIK TeHAEyTe Napa-Tiap eKeHIiriH KopceTerik.

AlTanslK, y=¢(X) GyHKUMACH (2) MapTThl KAHAFATTAHBIPATHIH,

[x—Xo|<h kecingicinze aubikTanFan (1) Teraey Qi memimMi GOICHH:



do(x)

= f[x.0(x)], (%)= Yo

CoHFBI Tene-TeHIIKTI X0-[€H X-Ka JeiliH HHTerpaaiacak, MbIHaHall Tere-TeH 1K ajlaMbl3:
X
P(X)=p(x)+ [ f(z.9(7))dz
X0

byaan y=¢(x) GyHKUMACHIHBIH

y=yo+ [ f(r.y)dr 5)

X0
MHTETPAIJIBIK TEHACY/IH IIeIiMi O0JIaThIHBIH KOpEMis.
Enpni kepicinme, y=¢@(x) GyHKIusACH (5) TeHAEyAiH memiMi O0JIChIH:
X
o(x)=Yo + | f[r.0(z)Hz, VX% —h, % +h]
X0

bynan ¢(x,)=Y, 6onatsiHbH KepeMi3. Erep ockl Tene-TeHaikTi auddepeHuuaniacax,

) )

Tere-TeHJIrH ajJaMbl3.
bynan mibiratein KOpeIThIHABL — Koliu ece0iHiH menrimMin Tady yuriH

MHTETPAIIBIK TEHACY/IH IENIIMiHIH OapIIBIFBIH )KOHE JKAIFBI3/IBIFBIH JJIEIACCEK KETKUTIKTI.

2°. MHTerpanplk TeHJEYIiH MeEMiMiH OipTiHAeN KybIKTay omiciMeH i3meimis. Bym omicTi
[Tukap omici nen Te aTailabl.

bacrankbl HeNIIK JKybIKTay PETIHIE 13/ETIHIN OThIpFaH (DYHKUHSHBIH alfalliKbl Yo MOHIH
alaMbI3 Ja, O1piHILI XKYBIKTAy YIIIiH

X
yl(x)=YO+If(T'YO)dT (6)
]
OpHET1H jKa3aMbl3, aJl eKIHII1 XKYbIKTay YLIIH
X
yz(x)=y0+jf(r,y1)dr (7)
X0
OpHETIH ka3ambl3. JKanmbl, Ke3 KEITreH N -1 )KybIKTayAbl MbIHA TYPJE Ka3aMbl3:
X
yn(X)=y0+If(T!yn—1)dT (8)
X0
Mynna x e[x, —h, X, +h]. Ocbl kecinnini [Teano kecinici nen aTaifbL.

Ennl anmemaran  {yn} Ti30erinin opOip Mymieci OepiareH OONBICTBIH IMIHAEC KATaThIHBIH
KOpCeTyiMi3 Kepek. AWHbIManbl X-Thl [leaHo keciHmiciHAe e3repenl Iem, XYBIKTayJapablH
OacTankbl MOHHEH ayBITKYJIapbIH €CeNTeHiK.



AnnpiMeH,

X
<M fdz’

X0

J)Sf(r,yo )dz

X0

[V1(X) = Yo|= = M|x—X,|<Mh<b

ExiHnn xybIKTay YIIiH:

[ H(rya())de

X0

V2(X) = Yo| = <M|[x-x|<Mh<b

JKanmbl, Ke3 KenreH n-mii )KybIKTay YIIiH TOMEHJIET1IeH TeHCI3/IIK ajlaMbl3:

[1(r.ypa(0))de

X0

[Ya(X)=Yo|= <M|[x-%|<Mh<b  (9)

byn TeHciznikrep Ti30ekTiH OapibIK mymienepi D oOmbIChIHBIH KeHOip KilmipeireH oOIbIChIHBIH
1ITH/IE )KaTaThIHBIH KOPCETE/I].

3°. Enni xKybIKTaynap Ti30eriHiH KUHAKTBUIBIFBIH Kepcereifik. Ti30eKTiH KHHAKTHUIBIFBIH
JIOJIETIICY YIIiH COJ Ti30€KTeH KYPBhUTFaH (QYHKIUSIIBIK KaTapbl KapacThIPAMBbI3:

Yo +(Y1— Yo )+(Y2 = Y1)+t (Yn—Yn1)+... (10)

Ochl KaTap OIpKAJBINTHI KUHAKTHI 00JICa, OHJA {yn} Ti30eri Jie O1pKaJIBINThI )KUHAKTBI 0OJIAIIbI,
OlTKeHl, S, = Y,,.

Karapapig opOip mymieciH, ekiHmiciHeH Oacram, Ileano keciHmiciHae aOCONIOT IIIaMachl
OoiibIHIIIA OaFaIalbIK;

[£(z.y0)d7

X0

V1= Yo| = <Mx—X,| < Mh,

X

[[F(z.y1(z) - f(z,y0)d7

X0

X

[HEAACHERICAT L,

X0

Y2 —ya| = <

Cownrbl TeHC13AIKKe JIMMIINIT MIapThIH Naii1anaHcak, OHaa

2
X X — h2
|Y2—Y1|SL SML)]T—TJdeML%S MLE

X
J|Y1(T)—YO|dT
X0

Ocpinaiiia,

X X
Vs = Yo| =| [[T(7,¥2(2)) = T (7, vy, (e De| < L [|ya(7) - ys (27| <
X0 X0
2 3
< ML? T ﬂdr:ML2M< MLZE
B 2! 3! B 3!

X0

TeHC3airi ampiHanel. Ke3 kenmreH n-mi myme YOrH A€ WHAYKIUS OJICIH Tai1ajaHbI,
TOMEHIET1Aell TEHCI3AIK alaMBbl3:



<

f[f(f’ynfl(f))— f(z,¥no(7)dz

X0

|Yn - yn—1|:

ﬁyn—l(f)— Yn_o(7)d7

X0

1

n!

n
<L slvu_“—l@s ML™
n!

ConbiveH, ¢yHkmusutbIK (10) KaTapaelH aOCONIOT IaMachlHAaH KypburFaH Karap Ileano
KECiH/IiCIH/Ie TOMEH/IETiAel CaHIbIK KaTapMeH OarajlaHbIl OTHIP:

h? h* h"
|yo|+Mh+MLE+ML2§+...+ML“‘1W+... (11)

by karapas! (10) GyHKIMSUIBIK KaTapIbIH MaKOPAHTHI JICTT aTalIbl.

Enji ocbl MaskOpaHTTBHIK KaTapAbIH KMHAKTBLIBIFBIH KepceTeiiik. lanambep Gearicine
cylieHCeK,
1
. a . ML"h™*n! . Lh
lim =L = |im lim

I =1 =0<1,
n>o a, nooML"h"(n+1)! noon+l

arau, (11) karap xuHakTbl. CoOHIBIKTaH, BeiliepmTpacc Teopemachl OOHBIHIIA
¢pynkuusaabik (10) karap Ileano kecinaicinig iminge 0ipKaJbINTHI A0COIIOTTHI KUHAKTHI.
Erep KarapabiH KOCBIHABICHIH ¢(X) el feariiecex, Onaa Ti30eKTin meri ocbl ¢(x) 6oaaabi:

lim y,(x) = ¢(x)

(10) kaTapabiH 9pOip MymIeci |x - x0| <h kecinginin iminge y3aikci3 pyHKuust 00IFaHABIKTAH

JKOHe 0J1 KaTap O0ipKajJbINThI (KMHAKTHI 00JFaHIbIKTaH, Komu Teopemachl 00ibIHIIA OCHI
KeciHgiHiH imminge (p(x) (pynkuusacel ga y3aikcis 0oaaasbl.

4°. Ti36eKTiH GipKaTBINTHI KUHAKTHUIBIFEIHAH |yn( X)—@(x )| <&,Yn>N(g) MWApThl WIBIFABI.

Jlvnumi mapThlH Mai aIaHblIIl,

ﬂf[r'yn(f)]_ f[T,(p(T)]dz' <

X0

<

J 1l )lde - ] f[ro(e)bie

X0 X0

X

[[Ya(z)=o(7)dz

X0

<L < Léelx—xy|< Léh

TEHCI3AIrH anambl3. bysl TeHCI3MIK MHTerpajjaH IIeK ajly YIIIH COJ HMHTEerpajl acThIHJAFbl
OPHEKTEH 1IEK ayFa 0OJaThIHBIH KepCceTe i, IFHU

lim f f(r,y,(7))dz= f f(z,limy,(r))dz = ff(r,go(r))dr
_)OOXO X0 X0

OcpIHbI Maiiiananbl, (8) KaTbIHACTAH HIEK aJlalfbIK:

JE‘;Yn(X)Zr!i_)”O‘O(YOJF j f(r,yn_l(r)>dr]=yo+ J (2.9 e

X0 X0

HEMECCC

o(X)=Yo+ | f(r,0(2)dr (12)

X0



byn tene-teHmikreH @(X) GYHKUMACHIHBIH IleaHo KeCiHAICIHAE HMHTETPAABIK TCHJCYIIH
mrenrimi 6onatbIHbIH KepeMi3. ConapbikTaH, o Komm eceGiniy memiMin 6epeni.

5°. Kommu ece6iHiH memriMiHiH KaFbI3ABIFRIH ToMIeN/eY YIIiH alsIMeH I pOHyoIT TeMMachiH
KEJNTipeHiK.

Jlemma. KeiiGip <a,b> apanbIFpIHIA y34ikci3 u(t)>0, f(t)>0 dynkuusiapsl xxone C >0

TYPAaKThI CaHbI YIIIH

}f(r)u(r)dr

to

u(t)<C+ , Vi, tpe<ab> (13)

TEHCI3IT1 OpBIH/IaJICa, OHJIA OJIaH MBIHAHIAl TEHCI3MMIK aimyFa 00IaIbl:

t
[f(z )z
to

u(t)<Ce (14)

Jlonenneyi. (13) TEHCI3/IKT OH KaFbIH/AFb] KOCHIH/IbIFA GomeHik (t >t ):

u(t) <1
C+[f(r)u(r)dr

to

Exi skarpinga on f(t) pyHkuuscbiHa KeOeTin, t;-1eH t-Fa qeilin HHTerpaJ ajJanbIK:

} f(f)“(”df s}f(r)dr
WC+ [f(z)u(zy)dry T
to

MyHa 6eIIeKTiH aabIMbl 06JIMiHIH TYBIHABICHI €KEHIH €CKepPCeK, OHa

t

In[C+ |  (z)u(z,)dr,| <] fode
to

to to

Ocpinan

t
—InC< [f(r)dr
fo

C+ _t[ f(zy)u(zy)dr
to

In

Horenuunannamn, onan con Oepiiren (13) Tencizaikri maiiganancak, (14) tencizgikke kejaemis
(t<t, OoaFanma JJeMMaHBbI AdJIej/ey YIIiH HHTerpaJAblH 0aFbITHIH 03repTce, JKeTKITIKTI).

Enai ocel (14) TeHCI3MIKTI MaijaNaHblII, MEIIMHIH KaJFbI3IbIFBIH KOPCETEHIK.
Afitanbik, ¢(X) xoHe y(X) GYHKIMsIIApBI OPTYPIIi €Ki MIeITiM OOJICHIH:

o(X)=Yo + | F(zup(r )z,

X0

X
p(x)=Yo + [ f(z.p(r)Mdr
X0
Ochbl memimaepaid aiibipMachbiH 0arajaibIK:



()~ (x) = [[F(z.0(e) - F(z (e Do < L J[p(z) (v )
X0 X0
Mynna u(x)=|p(x)—w(x)|, f(x)=L, C=0 exenin ecxepcex, (14) rencizaixren |p(x)—w(x)=0
TEHJIIT1 IIBIFATBIHBIH KOPEMI3, SIFHU @(X)=Wy/(X), VX € [XO —h, x+ h].

ConbimeH, [leano kecinmicinge Komm ecebiHiH TEK KalFbI3 FaHa IIemIiMi 0ap eKeHl TOJBIK
QI IEH .

Eckepty-1. Hlenrim [xO —h, x+ h] KECIHIICIHE aHBIKTAJIBIN OTHIP. MyHIa h=min{a,%},

saFHH h caHbl M caHbIHA Kepi Toyenai: M caHbl yikeH Ooica, h a3 can Gonaabl. COHABIKTaH,
IIEIIIM X, HYKTECIHIH KbICKA TYHBIK ayMarblHIA aHBIKTanbil OThIp. Ocbkl cebenTi Oy

TY>KBIPBIMJIBI JIOKQJIJIBI TEOpeMa Jel aTalbl. AJl IIBIHJBIFBIHA, IICIIIM/II OepiireH OOJIBICTBIH
HIeKapachlHa JeiiH co3yFa 0onabl.

Eckepry-2. Onerre, JIummmi mapTeIHBIH OPHBIHA OaH OACBIMBIPAK JKOHE OHAM TEKCepiIeTiH
mrapt anbiHaael. Jomipek, f(X,y) QyHKuusicol 6epiiareH TYWbIK 00IbICTa y apryMeHTi OOHBIHIIA

y31ikci3 nuddepennuanianaisl — Ae.
Byt mapt opeiHganFanaa JIMIImIL mapThl ©3iHEH 631 OpbIHIAIa b

[embinaa na, erep D oOnbickiHIa
sup| f(x,y)lsL
D

TEHCI3/IIT1 OPBIH aJica, OHJa eciMIle Typaibl JIarpaHx TeopeMachlH NaiiaJaHaMbl3:
of
f(x,y1)— (XY, )25(Xa)’1 +0(Y1 = Y2 )(Y1—Y,),(0<8<1)Ocsbinan,

| F(x,y)—f(Xy2)IEL] Yy — V2]

arHM, JInnmun mapTeliH angslk. An Jlunmui mapTelHaH (YHKUMSHBIH auddepeHnuanianybl
mibira Gepmeiini. Oran 6ip mbican, f(X,y)=|y| dynxumsicer. by yHkups JIMMIAL mapThH Ke3

KEJreH apaibIKTa KaHaFaTTaH bIPAJIbI:
|f(X’Y1)_ f(XY, )|:|| Yil=1Ya2 ||S| Yi—Y2l| L=1
Anaiina, 6yn GyHKIusHbIH (X,0) HYKTeciHae y OoHbIHIIA JepOec TYbIHIbICH aHBIKTAaIMaFaH.

XKanmer, JIunmmn maptel QyHKIUSHBIH Oip apryMeHTi O0ibIHIIA O1pKAJIBINTHI 6CYiH

KepceTe/Ii.

Eckepry-3. TikTepTOYPHIIITHIH OpPHBbIHA K3 KEJITeH MIEKTEIreH TYHBIK 00JIbIC amyFa 6oabl.
by xxarnaina (X,Y, ) HyKTeci OOJIBICTBIH 1K1 HYKTECI 00Tyl KEpeK.



Eckepty-4. Teopemansl (X,,Y,) HYKTECIH IIIIH/E YCTaUTBIH AlBIK OOJBICTA J1a JOJIEIACYTe
O6omampl. On yoriH f(X,y) (YHKUMACHIHBIH OChI OOJBICTA Y3MIKCi3 OONYyBIMEH Kartap, COIl

OOJIBICTBIH Ke3 KEeJNreH iIIKI MIeKTEeNTreH TYWBIK Oeirinae JIMMmui mapThiH KaHaraTTaHAbIPYbI
THIC.

Eckepry-5. Teopemanarbl f(X,y) QyHKIMACH TeK Y3[IKCi3 FaHa Oosca, sfHM Jlummmuig

[IapThI OPBIHIATIMACA, OHJIa TCHJICY IIH OacTaIKpl IAPTTHl KAHAFATTAHABIPATHIH MIEIIMi OOIaIbl,
Oipak oJ kanFb3 00aMaysl MYMKiH. Bys Ty kbipeiMs! [leano Teopemachl aiKbIHIAHIbI.



